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PREFACE

Sir,

An equation has no meaning, for me

unless it expresses a thought of GOD - Ramanujam
[Statement to a friend]

Respected Principals, Correspondents, Head Masters / Head
Mistresses, Teachers,

From the bottom of our heart, we at SURA Publications
sincerely thank you for the support and patronage that you have
extended to us for more than a decade.

Itis in our sincerest effort we take the pride of releasing Sura’s
Mathematics Guide Volume I and Volume II for +2 Standard
— Edition 2022-23. This guide has been authored and edited by
qualified teachers having teaching experience for over a decade
in their respective subject fields. This Guide has been reviewed
by reputed Professors who are currently serving as Head of the
Department in esteemed Universities and Colleges.

With due respect to Teachers, I would like to mention that
this guide will serve as a teaching companion to qualified teachers.
Also, this guide will be an excellent learning companion to students
with exhaustive exercises and in-text questions in addition to precise
answers for textual questions.

In complete cognizance of the dedicated role of Teachers, [
completely believe that our students will learn the subject effectively
with this guide and prove their excellence in Board Examinations.

I'once again sincerely thank the Teachers, Parents and Students
for supporting and valuing our efforts.

God Bless all.
Subash Raj, .. ms.
- Publisher
Sura Publications
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CHAPTER

APPLICATIONS OF
MATRICES AND
DETERMINANTS

y| MUST KNOW DEFINITIONS [N

If |A |20, then A is a non-singular matrix and if |A| = 0, then A is a singular matrix.

The adjoint matrix of A is defined as the transpose of the matrix of co-factors of A.

If AB = BA =1, then the matrix B is called the inverse of A.

If a square matrix has an inverse, then it is unique.

A" exists if and only if A is non-singular.

Singular matrix has no inverse.

If A is non — singular and AB = AC, then B = C (left cancellation law).

If A is non — singular and BA = CA then B = C (Right cancellation law).

If A and B are any two non-singular square matrices of order n, then adj (AB) = (adj B) (adj A)
A square matrix A is called orthogonal if AAT=ATA=1

Two matrices A and B of same order are said to the equivalent if one can be obtained from the other

by the applications of elementary transformations (A~B). :

A non — zero matrix is in a row - echelon form if all zero rows occur as bottom rows of the matrix |
and if the first non — zero element in any lower row occurs to the right of the first non — zero entry 1
in the higher row. \

R I I

+

+ The rank of a matrix A is defined as the order of a highest order non — vanishing minor of the matrix
A[p(A)]-
+ The rank of a non — zero matrix is equal to the number of non — zero rows in a row — echelon form 1

of the matrix. |

+ Anelementary matrix is a matrix which is obtained from an identity matrix by applying only one |
elementary transformation. Every non-singular matrix can be transformed to an identity matrix by 1
a sequence of elementary row operations.

+ Asystem of linear equations having atleast one solution is said to be consistent.

+ A system of linear equations having no solutions is said to be inconsistent.
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y| IMPORTANT FORMULAE TO REMEMBER N

+ Co—factorof ais A, = (-1) i+ M;;, where M, is the minor of a;,

+ For every square matrix A of order n, A (adj A) = (adj A)A=|A|T,
AATT=ATA = L

+ If Ais non — Singular then

i 1
i A= [A]

(i) (A)'=@ANDT
(iii) (AMA™')= — A~! where A is a non — zero scalar.
Reversal law for inverses :
+ (AB)!' =B~ Al where A, B are non — singular matrices of same order.
Law of double inverse :
+ If Ais non - singular, A~ is also non — singular and (A~")! = A.

+ If Ais anon - singular square matrix of order n, then

I I
1 1
1 1
I I
1 1
1 1
1 1
1 1
1 1
1 I
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
' : : . 1 '
: () (adj A)y'=adj (A= [A] A :
G Jadi A=A |
: (i) adj (adj A)=|A]""2A :
| (iv) adj (M) =A""!adj (A) where A is a non — zero scalar |
2
1 . . n— 1
| (v)  [adj (adj A)=]A[""D |
| . . . 1
(v (adj AT =adj (AT) .
.+ Ifamatrix contains at least one non — zero element, then p(a) > 1. |
e rank of identity matrix I 1is n.
Lo+ Th k of identity matrix I !
1 If Ais an m x n matrix then p(A) <min { m, n}. 1
.+ Asquare matrix A of order n is invertible if and only if p(A) = n. |
Lo+ Transforming a non-singular matrix A to the form I , by applying row operations is called !
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
) 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1

Gauss — Jordan method.
Matrix — Inversion method :

+ The solution for AX = B is X = A™! B where A and B are square matrices of same order and
non — singular

Cramer’s Rule :
A, Ay

+ If A=0, Cramer’s rule cannot be applied x, = Xy =

=1 _
A 9 xz - A 9
Gaussian Elimination method :

Transform the augmented matrix of the system of linear equations into row — echelon form and then
solve by back substitution method.

Rouches capelli Theorem :
A system of equations AX = B is consistent if and if p(A) = p([A|B])

(1) If p(A) = p([AB]) = n, the number of unknowns, then the system is consistent and has a unique
solution.
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(i) Ifp(A)=p([AB])=n—k, k+# 0 then the system is consistent and has infinitely many solutions.

Chapter 1 = Applications of Matrices and Determinants

(ii1) If p(A) # p(JA|B]), then the system is inconsistent and has no solution.
Homogeneous system of linear equations :

(1)

If p(A) = p([A|B]) = n, then the system has a unique solution which is the trivial solution for
trivial solution, |A] # 0

(i) If p(A) = p([A|B]) < n, the system has a non — trivial solution.
For non — trivial solution, |A| = 0.
1 1
+ Al=x —=—=—-adjA + A=+ — -adj (adj A)
|ad]A| |ad]A|
L] 2 2 1 1
EXERCISE 1.1 ! (i) LetA=|-2 1 2|and\=-
! 3
1
1. Find the adjoint of the following : ! |
. O , O] | Since adj (AA)=A""!(adj A)
o |3 4 .. !
(l){6 2} Gi) |3 4 1(GiD) 15 | » ! 1 < 2] 12
37 2 3 1 2 2| we get adj 5—2 1 2)|= 3
! 1 -2 2
| -3 4 |
Sol. (i) LetA = 6 2 : ‘ 2 2 1
) 9 X ad] -2 1 2
ade=(_6 _3) : 1 -2 2
[Interchange the elements in the leading , . Required adjoint matrix
d}?%qnal anld change the sign of the elements in ! N 1 2 _2 9 N 2 1T
off diagonal] : -2 2 12 1 -2
) 2 31 : 1 2 1| |21 2 2
(i) LetA=|3 4 1 | =9 -2 2 1 2 1 -2
372 \ 2 1 2 1| |2 2
+41‘ ‘31+34‘T : 12 ~2 2 —2 1
— I . N
72073 2 37 ! (2+4) - (-4-2) + (4-1)]
P B e =g |-G (o) - (a-2)
a = |- -
! 72 B 2R : F(4-1) —(4+2)+ (2+4)
301 (2 1 |2 3 ! -
+4 1‘_‘3 1‘ ‘3 4‘ | 1 o 63 1 ©
1y :5—636:563—6
+(8-7)-(6-3)+(21-12)] | 1 =3 9 ! 3 _6 6 36 6
= —(6-7)+(4-3)-(4-9)| = I L =3 . 2 2 1
+(3-4)-(2-3)+(8-9) L=1 1 =1 =512 12
! 1 2 2
1 I -1 1 L
adj A = |_3 | | ! [Taking 3 common from each entry]
9 5 | 1 2 -2 1
— — 1
1 =— |2 1 -2
1
é 1 2 2
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2. Find the inverse (if it exists) of the following : ¢ Taking 4 common from every entry we get,
1
5 4 511 2 3 1] 6 -1 -1
(i) { 1 3} @ (1 S 1|Gi) |3 4 1] ! adj A=4|-1 6 -1
115 ! -1 -1 6
37 2 : 6 -1 -1
1
, =2 4 ! L A= — adj 41 6 -1
Sol. (i) LetA = 1 " A j A 112 - y
1 -3 . || R
! -1 -
_2 4 1 1 6 —1 —1
|A| = ‘:6—4:2;&0 ' N 1
1 -3 : 28 6
: . . : ! -1 -1 6
Since A is non — singular, A~! exists I
! 2 31
-1
AT = A ' (i) LetA = [3 4 1
. -3 4 : 3.7 2]
Now, adj A = 1 - ! Expanding along R we get,
[Inter change the entries in leading diagonal and | Al = 2 4 1_3 3 1+1 3 4
change the sign of elements in the off diagonal] | A 7 20 713 21 I3 7
11-3 -4 1
LA = Sl o ! = 2(8-7)-3(6-3)+1(21-12)
i ! = 2()-33)+1(9)
511 : = 2-9+9 =220
(i) LetA= |1 5 1 : Since A is a non-singular matrix, A~ exists
11 5] I (a1 B p o4
Expanding along R, : +7 ol 3 7
1
5 10 11 1,85 I
Al = 5 B 41 ! 2] A = _31+21_23
15 15 11 ! 7 20 3 7
1
= _1)— A i) _
=5C49)-1@+1(4) ! 41 31| |3 4
= 120-4-4=120-8=112#0 ) T . .
P +(8-7)-(6-3)+(21-12 _
Since A is non singular, A~! exists. ! (8=7)=(6=3)+( ) =39
= IR 1 ST = -(6-7)+(4-3)-(14-9)| =| 1 1 -5
+ - —
RN v +(3-4)-(2-3)+(8-9)) LT 1A
1
11 1 1 1 1 -1
adi A= |- P P : .
L 5 1 511 I adf A = | -3 1 1
1
115 1 |5 1 ! 9 5 -l
+ - + !
51011 fts5 ! AN}
- ! Now,A™! = = adj A
[(25-1)—(5-1)+(1-5) ! A
= | -(5-1)+(25-1)-(5-1) | o
1 e
+(1-5)=(5-1)+(25-1) v Al =3
1
(24 4 4" [24 4 4] P
= |4 24 4| = |4 24 4
4 -4 24 4 —4 24|
n é
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o

cosaa 0 sina T cosaa 0 —sina
3. If F (o) = 01 0|, show that , =/ 0 1 0 - (2)
—sina. 0 cosa : sinaa 0 cosa
[F()]'=F(- o) [Hy - 2019] : ['.- cosa is an even function, cos (—0t) = cos o and
0 si : sin o is an odd function, sin (—0t) = —sino]
cosa Sirl gy i From (1) and (2)
Sol. Given that F (o) = 0 1 0f. ! [F(o)]! = F (o)
—sina 0 cosa : Hence proved.
Expanding along R, we get, : 5 3
1 _ 2 _ y -
. . 0 1 4. If A= Ll _2} , show that A* - 3A - 71, = 0,.
|[F(o)| = cos a. 0 cosol” + sin o _sina. 0] ! Hence find A-L
=cos 0. (cos — 0) +sin o (0 + sin o) : sol. GivenA={ 3 3}
=cos? +sin o =1£0 | -1 =2
Since F (o) is a non-singular matrix, [F(c)]™! A2 5 3 53 25-3 15-6
. 1 = =
eXIsts. _ I -1 =2(|-1 =2 -5+2 -3+4
Now, adj (F(a)) = ! 77 9
1 o]0 o o 1 T = ] o AZ-3A-TL
+ - . + . 1 _—3 1
0 cosa| [sina cosa| |—sino O ! _
. . | 2249 5 3 1 0
_0 sina, | fcoso sina | |cosa 0 X O | -3 1 o =7 0 1
0 cosa| |-sina cosal |-sino O : -
) ) X 22-15-7 9-9+0 0 0
0 sino| |cosa sina| |cosa 0 : = = =0
+ - + - -3+3+0 1+6-7 0 0 2
10 0 0 o 1| | . -
- 1 Hence proved.
+(cosa—0)  —(0) + (0+sina)] P
L AZ-3A-TL= 0
=|-(0) +(cos2 o+ sin’ oc) - (0) | 2
) ! Post — multiplyi A t,
+(O —sin OL) —(O) +(cos— 0) ! ost — multiplying by wege
. T : | AZ AT -3AAT-TL AT =0.A!
cosae 0 +sina cosa. 0 -—sina X 2
= 0 1 0 = 0 1 0 | = AWAANH-3AAH-7(ATH=0
—sina. 0 cosa sinac. 0 cosa : [, A'=A"and (0)A~! = 0]
1
1 ! AT _TA-L = .. -1
- Floy! = |F(a)| adj (F(o0) ! = AI-3I-7A"=0 [-AA =1]
! = Al-3I=7A"!
cosaa 0 -sina 1
. : = Al= = [A-31] [.. AI=A]
[F(a )] = 7 0 1 0 I 7
Ly A | i L[5 3y o
) sina cosa ! = =214 2 ol !
coso. 0 —sina 1
. B T 7l-1-0 —2-3| 7[-1 -5
sinat 0 cosa !
- | L1 2 3
cos(—a) 0 sin(-a)| LAT= 7121 s
Now, F(— o) = 0 1 0 :
—sin (o) 0 cos ()| 1
¢
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8 1 4 ' 3 2 1 - ,
1 T 7. IfA = and B = ,verify that
5. IfA=§ 4 4 7|,provethat A~' =A", i 7 5 5 2
1 -8 4  (ABy! =B1A-L
1
-1 _ T ! 3 2 -1 =3
sol. Toprove A™ = A ! Sol. GivenAZ{ } and B = { 5 2}
AAT = AAT ! 703
It is enough to prove AAT = 1 : L= 3 2(-1 -3 _{_3+10 _9+4}
81 4 81 4 | 17 515 2| |-7+25 -21+10
1 1
AAT=§447$14—8 ! [7 —5}
1 -8 4 4 7 4 ! = |18 -11
[o4r116 3244428 8-8+16 : IAB| = —77+90 =13 #0 = (AB)! exists
=51 —32+4+28 16+16+49 4-32-28| , |A| = 15-14=1#0= A exists
—8-8+16 4-32+28 1+64+16| | IB| = -2+ 15=13%0 = B! exists
1
81 0 0 1 0 0|1 0 O I O 1 ; 1(-11 5
I (AB)! = 7 adj (AB)= — (1)
=%0 810:%010=010=1- |AB| 13(-18 7
1
1
0 0 8l 0 0 1|]]0 0 1 ! B = — (adj B)
—1 _ AT ! |B|
Therefore A~ = A I
8 4 1 1(2 3
6. If A = J|o verify that AGadj A) = I = 13los -1
— 1
. 1
(adj A) A =|A| L, . [S_eX.-2020;Aug.-2021] E Al = N(adj A)
: — 1
Sol. Given A 5 3 | 5 -2
1 Z =
dA 3 4 ! T 1=7 3
T s s ! 5 2
[Interchange the elements in the leading diagonal and ! = (_7 3}
change the sign of the elements in the off diagonal] s 35 )
Al = 24-20=4 LBl = L -
. 8 —41[3 4 I 13{(-5 -1)\-7 3
S A(ad) A) = [_5 JL 8} | 1(10-21 -4+9
1 = =
24-20 32-32 4 0 ! 13{-25+7 10-3
= = (1) ! _11 5
—15+15 -20+24| |0 4 ! 1 @
3 48 4 ! T13(-18 7
. _ 1
(adj A) (A) = [5 8}[—5 3} ! From (1) and (2) it is prove that
24-20 -12+12] [4 0 ) : (AB)' = BA™.
T 140-40 —20+24| |0 4 "'(): 2 4 2
:8. Ifadj(A)=|-3 12 -7/, find A.
1 0 4 0 ! -2 0 2
All =4 = 3!
AT, {OJ [04} (): 2 -4 2
From (1), (2) and (3), it is proved that | Sol. Givenadj A=|-3 12 -7
A(adj A) = (adj A) A= [A| ], is verified. : -2 0 2
1
3
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1 o ' 0 2 0
We know that A = + — .adj (adj A) ..(1) ,
JJadjAl 1 9. IfadjA)=| 6 2 —6|,findA"l. [PTA-6]
. 12 -7 3 - |8 12 | 3 0 6
ladj Al=2 e 2T o : 0 2 0
1
[Expanded along R, ] ! Sol. Givenadj (A)= | 6 2 -6
=2024-0)+4(-6—14)+2(0+24) ! 3 0 6
=2(Q24)+4(=20)+2(24)=48—-80+48 1
— 96-80=16 : We know that A~ = T @diA) ()
o - ladjA|
Now, adj (adj A) 1
1
12 -7 -7, |3 12| | ! |adj A| = 0+2‘6 _6‘+o
2 2T o ; <
4 2 4 ! [Expanded along R ]
= T o7 ! = 2(36-18)=2(18)=36
1
‘—4 2H 2 2 —4‘ : 0 2 0
1
12 M3 12 ! A= +—| 6 2 -6
- | J36
+(24 ~6-14)+(0+24) | -3 0 6
1
= | (-8 )(4+4)—(0—8) ! 0 2 0
| +(28-24)—(~14+ 6)+(24-12) ! _ ié 6 2 -6
24 20 247 : -3 0 6
=8 8 8 : _
4 8 12 : 101
24 8 4 . 10. Find adj (adj (A))ifadjA=| 0 2 0].
_ | - -1 0 1
124 8 12 | Sol. GivenadjA=|0 2 0
= 4 5 2 2 ...(3) : _+2 0 0 O+ 0 2_T
6 2 3 : 0o 1| -1 1]]-1 o
Substituting (2) and (3) in (1) we get 1 o 111 111 o
1
6 2 1 I Now adj(adj A)= |—| [+ -
1 | 01 [-1 1 |-1 o
A =+ —.4|5 2 2 1
16|, ; ! AL 1|10
- 2 0o |02
6 2 1 : i .
T
A :i%5 ) 9 o [+2-0) —©@ +0+2)] [2 0 2
6 2 3 vo=l (0 +(1+) ~(0) =] 0 20
0-2) —(0 2-0 —
6 2 1 ! +(0-2)  —(0) +(2-0) 2.0 2
=4[5 22 ! o 202
6 2 3 ! adj (adj A) =|0 2 0
! 2.0 2
1
¢
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CHAPTER

COMPLEX NUMBERS
P st oW DEFNTIONS N

+ If a Complex number is of the form x + iy where x is a real part and y is the imaginary part of
the complex number.

+ z,=z1fRe(z)) =Re(z,) and Im (z)) = Im (z,)
Properties of complex numbers:

Under Additions

+ Letz, z, and z; are complex numbers.

(i)  Closure property (z, + z, is a complex number)
(i) Commutative property (z, + z, =2, + ;)
(iii) Associative property (z, +2,) + 2, =2, + (2, + 25)
(iv) Additive identity (z+0=0+z=2)
(v) Additive inverse (z+-2)=(-z+2)=0

+ Under Multiplication:

(i) Commutative property (z, z, = 2, Z,)
(iii) Associative property (z, z,) z; = 2, (2, 23)
(iv) Multiplicative identity (z,. 1 = 1.z, =z,)

(v) Multiplicative inverse zw =w.z=1=w=z"

+

Distributive property (Multiplication distributes over addition)
32+t 25)=2/2,+2, %4
Also, (z,+2)) 23=2, 23+ 2, 24

+ Conjugate of x + iy is x — iy

+ Ifz=x+iythen|z|= «/xz—l—yz

+  |z—z,| =ris the equation of circle where z,, is a fixed complex number and r is the distance from
zZ,to0 z.
0

I
1
I
I
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
! (i)  Closure property (z, z, is also a complex number)
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
|
1
! + Polar form of z=x+iyis z=r (cos 0 + i sin 0)
1
1
1
1

Y
here r = /x> +7? andtan 0= =.
w r X y X
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De Moivre’s theorems

1

1

| + Given any complex number cos 0 + i sin 6 and any integer n, then (cos 0 + i sin 0)" = cos n6 +
I i sin n0.
1
1
1
1
1

y| IMPORTANT FORMULA TO REMEMBER |\

+ P=1Li'=if=1i*=10"'=-i, ) ?=-1,1)3 =i
+ Jab = Ja~/p is valid only if atleast one of a, b is non-negative.

+ When z, =x, +iy, and z, = x, + iy, then
2+ =0 +x) +i(y +y,)
2 == —x) +i(y; -y,
21 5= (0 X = ) + (X Y, + X, )
Properties of complex conjugates

— zZ—Z

1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 . 1
| ) z+z =z +z, (6) Im () = 2 |
1 J— 1
| 2) z-z, = Z_l_g (7) (z") = (;)n ,where n is an integer. :
| 3 5=z ®  zisrealiffz= |
| AR _ |
| 4) Z= = Z=, % # ©) zis purely imaginary iff 7 = —7 |
1 2 2 1
1 - 1
| ()Re@= (10) 7=z |
: Properties of modulus of a complex number :
1 1
' Iz al_lal -
! M e =4 ® L2 !
1 1
| 2) |z1 +z2|s|z1|+|z2| (6) |Zn|: |Zn,wherenis an integer |
1 1
! (Triangle inequality) !
: 3 |az| = |al|z)| (1) Re(2)<[ :
| @ la-ala-ll  ®  me<q |
1 1
: |Z1_Z2| = \/(xl_xz)z"‘()ﬁ_yz)z :
1 1
: |ZI_Z2| S|Zl|+|z2| |
1 1
! + ||Zl|_|Z2||S|Zl+Z2|S|Zl|+|Zz| !
: + ||Zl|_|zz||S|Zl_zz|3|zl|+|22| :
o+ al =l E
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Chapter 2 = Complex Numbers Q

+ Leta+ib=x+iy then

Na*+b* +a

X=+H|———
2
2 2

y=4 va +b” —a
2

+ |Z - Zo| <r represents the points interior of the circle.
|Z - Zo| >r represents the points exterior of the circle.
+ arg(z,zy)=argz, +argz,

+

z
+ arg [—‘J = arg z, —arg z,
2,

+ arg(M)=nargz
+  Alternate form of cos 0 + i sin 0 is cos (2km + 0) + i sin (2kn + 0), k € Z

Euler’s formula
+ e%=cos0+isin0orz=re

+ Ifz=r(cos 0 +isin 0) then

7l= l(cosG—isinG)
r

+ z,z,=r ry[cos (0, +0,) +isin (0, +6,)]
+ A :—l[cos(e] ~0,)+isin(0, - 0,)]
2 2
+ (cos0—isin0)"=cosnb—isinnb and (cos O + i sin 0)" = cos nb — i sin no
+ (cos0—isinB)" =cosnb + i sin nd and sin 6 + i cos 6 =i (cos 6 — i sin 0)
+ e +0"1'=0

where @ is the n™-— root of unity.
lo.o? ..o = (=1)+!

o F=o*= (o) 0<k<n-1

EXERCISE 2.1

= (1%9) (=) () + (H® (1) [* = 1]

=—i-1
Simplify the following: -1
1947 , #1950 +1948 __:—1869
L ! N - 2. i ! 9. 1948 _; —1869 _ (14)487 _i-1868 l-—l
3. ;in 4. ¥ +i% A 1487 [ 4"7 }

10

S U Y 1 [1()] [‘ﬂzlzﬂ
Sol. 1. 1947 41950 = j1944 3 4 j1948 ;2 [One power any numb(l-’:r is 1]
['.- 1944 is a multiple of 4 and1948 is also =1+
a multiple of 4]
= ()86 2 4 (98T 24 = 1]
orders@surabooks.com PH:9600175757 | 8124301000

Please Send your Materials, Question Papers & Answer Keys to Email : kalvinesan.com @gmail.com



www.kalvinesan.com

https://t.me/kalvinesan

This is Only for Sample for Full Book Order Online or Available at All Leading Bookstores

®

12

3. D =@+ P+B I+ @ +i0+T+ 18
" + (@ +i0+ i 412
=(-1-i+ D+ +**2+ "+ (D) +

(i8+l + i8+2 + l-8+3 + (i4)3)
=0+ (@ +2+ P +HH+ (@ +2+8+ 0%

[ i?=-1,P=-,i*=1]
=0+(@(-1-+1)+(@-1-i+1)
=0+0+0=0

4, X143 L (4x1443) [Hy - 2019]
— (i4)]4 . l-3 + (i4)—]4 . l'—3
=1.7+1.i3 [it=1]
=i+ [P =-iand i3 =1]
5 i l'2 l3 """" l'2000 = il+2+3+ ...... +2000
_ izooo;zool [o1+2+3+.n= n(n+1)]
— 71000x2001_ ;2001000_ |
[*.-2001000 is divisible by 4 as its last two
digits are divisible by 4]
6. 0420 + 1050
=P 4+ P2 + %0
Taking i°° common we get,
[+ P+ P+ i+ @B+ + 7+ )
+i0+i'9]
— l'S() [0 + (i4+1 + i4+2 + l'4+3 + i4+4)
+ (i8+1 + i8+2)]
=00+ 0+i+%] [i+i2+P+*=0]
v iSO [i-1]= l-48+2 (i _1)
=2 (i-1) [i%¥=1]
=—1(G(-)=—i+1=1-i
EXERCISE 2.2
1. Evaluate the following if z = 5 -2i and
w=-1+3i
i z+w (ii) z-iw
(iii) 2z + 3w @iv) zw
(V)  42w+w? (Vi) (z+w)?

orders@surabooks.com
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4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
é

Sol.

Sol.

Y Sura’s = Xl Std - Mathematics = Volume |
i z+w
=(5-20+(=1+3)=(G5-1)+i(=2+3)
=4+i(l)=4+i
(i) z-iw

=(5-2i)—i (-1 +3i)
=(5-2i)+ +i-3?%)
=52i+i-3(-1)=5-i+3=8-i
(iii) 2z + 3w
=2(5-2))+3(-1+3i)=10-4i—-3+9i
=(10-3)+i(4+9)=7+5i
(iv) zw
=(5-2i) (=1 + 3i) =5 + 15i + 2i — 6i°
=-5+17i-6(-1)
=5+17i+6=1+17i
22 + 27w + w?
=(5-20+2(5-2i) (-1 +30)+(-1+3i)>
=25+ 4i% -20i + 2[-5 + 15i + 2i —6i%]
+1+92-6i
=25-4-20i+2(-5+17i+6)+1-9-6i
[i2=-1]

(v)

=21-20i +2 (1 + 17i) -8 -6i

=21-20i+2+34i-8-6i=15+8i
vi) (z+w)?

= [(5 =20) + (-1 + 3)]> = (4 + i)?

=16 +8i -1=16-1+8i=15+8i
Given the complex number z = 2 + 3i,represent
the complex numbers in Argand diagram.

0
)

Z,1z,and z + iz (ii) z, —iz, and z -iz.
Represent z, iz and z + iz in the Argand
diagram.

z =2+ 3i can be represented as (2, 3)
iz=i(+3i)=2i+3i*=2i-3=-3+2i
can be represented as (-3, 2)
Z+iz=2+3i-3 +2i=-1 + 5i can be represented
as (-1, 5) in the argand diagram.

Imaginary,
z+iz(-1,5) @5 1 et
4-
z(2,3)
iz{=3,2)

1
. Real
5 axis

g e
—11

4
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Chapter 2 = Complex Numbers Q
(i) z = 2 + 3i can be represented as (2, 3) ¢ _
—iz = —i 2+ 3i) = —2i -3 = 2i -3 (-1) , EXERCISE 2.3
=3-2 1. Ifz, =1-3i,z,=-4iand 2z, =5, show that
z—-iz=2+3i+3-2i=5+1icanbe : i) (Z1+ZZ)+Z3=Z1+(Z2+Z3)
represented as (5, 1) in the Argand place. ! () (2,2, 23 =2, @52y
Imaginary | Sol. (i) (z,+2,) +23=2, + (2, +23)
- ! Givenz, = 1-3i,z=—4iandz,=5
st | LHS = (z;+2)+2z,
4+ | = [1-3i+=4)]+5
3+ 2K ) ! = [1-7il+5=6-7i
i—- iz (5.1 | RHS =z, +(2,+2,)
1 1 1 1 1 1 . IIZ(I, 1 1 1 : = 1_3i+(_4i+5)=6_7i
6 -5-4-3-2 —1_1__ AR R R Iéfflsl ! LHS = RHS
L s ! (2, +2)+2 = 7+, +2)
! () (z,z,))23=2;(2,25)
3. Find the values of the real numbers x and y, if | [ _]gH)S(_ Z .)](251 fz[)_zi. + 12715
the complex numbers ! \ C 4i _112) 5 Y - 261. B 6l() :
B-ix-Q2-iy+2i+5and 2x + (-1 + 2i) , iHS—z (ZZ;
y + 3 + 2i are equal [Hy - 2019] | —(1- 35 [(i 431') 5] = (1 3) (— 200)
Sol. GiVCH(3—i)X—(2—i)y+2i+5 : =—20i + 60i2 = - 20i — 60
=2x+ (=1 +2)y+3+2i : LHS = RHS
= 3x—ix—2y+iy+2+5=2x—y+2iy+3+2i | S (212) 2 = 2 (252)
choosing the real and imaginary parts L2, It z, =3,z, =7i, and z, = 5+ 4i, show that
Bx2y+5)+i(x+y+2)=2x-y+3+i(2y+2) : i) zl(z2+z3)=zlz2+z1z3J
Equating the real and imaginary parts both sides, : (i) (z,+z,) 23=2,23+2,2
we get L Sol. (1) z,(z,+25) =22, +2, 2,
3X—2y+5= 2x—y+3 : Givenzl:3,zz = —7i,z3:5+4i
= 3x-2y+5-2x+y-3 =0 ! LHS = z,(z3,+2)
= x—yi= =2 (D = 3[-7i+5+4i]
. &> - 2.2 | = 3[5-3i]=15-9i
i B ! RHS = z,7,+z27
= —x+y+2-2y-2 =0 | = 3CTH)+30G5+4)
= —x-y=0=x+y =0 .. (2) : = =21li+15+12i
(1) - (2) we get, ! = -9+15=15-9i
RV | LHS = RHS
x+p = 0 : L (Gtn) =4 n+ g
2x = 2 ! (i) (2, +2))23=2,23+2,2,
= x = -1 ! LHS = (3 +2) 4
Substituting x = — 1 in (2) we get, ! = B-T) (G +4)
_ . . .2
_1+y:0:y:1 : = 15+ 12i-35i-28i
x=—landy=1 ! = 15-23i+28=43-23i
N RHS = z,z;+2z,2
= 306 +4)+ (=75 +40)
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CHAPTER

THEORY OF EQUATIONS

L]
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
I
1
1
1
1
1
1
1
1
1
1
1
1

a4

y| MUST KNOW DEFINITIONS [N

+  For the quadratic equation ax + bx + ¢ = 0,
(i) A =0b?-4ac > 0iff the roots are real and distinct
(i) A =b*—4ac <0 iff the equation has no real roots

Fundamental theorem of algebra :

+ Every polynomial equation of degree n has at least one root in C.

Complex conjugate root theorem :

+ If a complex number z is a root of a polynomial equation with real co-efficients, then complex
conjugate z,, is also a root.

+ Ifp+ \/E is a root of a quadratic equation then p — \/E is also a root of the same equation
where p. g are rational and \/5 is irrational.

+ If \/; + \/Eis aroot of a polynomial equation then \/; - \/_ , —\/; + \/E, and—\/; —\/5 are

also roots of the same equation.

If the sum of the co-efficients in p(x) = 0. Then 1 is a root of p(x).

If the sum of the co-efficients of odd powers = sum of the co-efficients of even powers, then —1 is
a root of p(x).

Rational root theorem :

+ +

+ Let a, x" +...+ax+a,witha #0,a,#0 be a polynomial with integer co-efficients. If 2
with (p, ¢) = 1, is a root of the polynomial, then p is a factor of @, and g is a factor of @,

Reciprocal polynomial :
+ A polynomial p(x) of degree n is said to be a reciprocal polynomial if one of the conditions is true

1 1
@®  p)=x" P[ ] (i)  p(x)=-x" P[ ]

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
— — 1
X X 1
1
1

+  Achange of sign in the co-efficients is said to occur at the j" power of x in p(x) if the co-efficient of
x/* 1 and the co-efficient of x/ (or) co-efficient. of x/~!, the co-efficient of x/ are of different signs. ,
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+ Vieta's formula for quadratic equation

If o, B are the roots of ax?> + bx + c=0thena + = — b and o B = <
a a

Also, x*> — x (sum of the roots) + product of the roots = 0

+ Vieta's formula for polynomial of degree 3.
Co-efficient. of x> = —(a. + B + 7) where a, B, y are its roots
Co-efficient of x =a B + B Y+ yo and constant term=— o Y

+ Vieta's formula for polynomial equation of degree n > 3
Co-efficient of x™! =X, =-Za,

2 1%
Co-efficient of "> =X, =-X a, a, 0,
Co-efficientof x=%  =(-1""Za,0, @,

Co-efficient of x° = constant term = X =CD"a 0.0

A polynomial equation a x" +a_, x"'+...... +ax+a,=0(a #0)is areciprocal equation iff
- n n—1 1 0 n
one of the following statements is true.

1) a,=ag, a, | =a,a, 5= dy....
(i) a,=

Descartes rule:

—4yp 4, =-a4,4, ,=-d

PYITITER

+ If p is the number of positive zeros of a polynomial p(x) with real co-efficients and s is the

1
i
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
Co-efficient of ¥" 2 =X, =-% a, a |
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
number of sign changes in co-efficient of p(x), then s — p is a non negative even integer |

EXERCISE 3.1 0N

Hence, the volume of the cuboid equation is
- 21x2 3 sz -3

1. If the sides of a cubic box are increased by = X — (=6} +(1D)x—(-6)
1, 2, 3 units respectively to form a cuboid, then - P+62+11x+6
the volume is increased by 52 cubic units. Find V452 = 3 +6x2 +11x+6
the volume of the cuboid. [Aug. - 2021] B +52= 3 4622 +11x+6

Sol. Let x be the side and V be the volume of the B 462 +11lx+6—-x3 —52=0

cube, then volume of the cube
V = xxxxx=x
If the sides are increased by 1, 2, 3 units,

6x* +11x—46= 0
Gx+23)(x—2)=0
6x+23=00rx—2=0

Volume of the cuboid is equal to volume of the 6x +23 = 0 gives,
cube increased by 52 6x = —23
V+52 = @+ 1) x(x+2)x(x+3) 23
If o, B, and 7y are the roots, then If o =—1, =2 X == ? , is impossible
and y=-3. Sox—2 = 0 gives,
= (a+B+7y) x=2
=-1-2-3=-6 Substituting x = 2, volume of the cuboid
L, = (of+oy+Py) V=0QQ+D)xQ2+2)x(2+3)

EDHE2)+ EDE) + E2)(E3)
2+3+6=11

3 = (@By)=CDE2)(3)=-6

™
1]
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Chapter 3 ™ Theory of Equations

2. Construct a cubic equation with roots T 1 1 1 _ Prtya+ap_ -3
i) 1,2,and3 ii) 1,1,and -2 ! —t=+- 4 4
E : - 1 ) ® ! o By aBy -4 4
iii and 1 1 1 -2 1
v L, 1 1 _yrasp 2 1
ol (i) 12, and 3 v ap By ya opy 4 2
Given roots are 1,2 and 3 : V11 1 1 1
Herea =1, f=2andy=3 | (ﬂ(ﬁ]@ “upy 4 4
A cubic polynomial equation whose roots are ) ] v S
o, B, vis I .". The required cubic equation is
s Mo 1
(o +B+pP®+ (@ +Py+y)x—aBfy=0 1 s (11 1), 11 1
= O (14243) 2+ (2+6+3)x—6=0 TR P R L e
= X-6x>+11x-6=0. ( {11
(i) Herea=1,B=1andy=-2 ! —E——-—j =
.. The required cubic equation is | o By
Bo(+1-2)2+1-2-2)x—()(1)(=2)=0 1 s 3, 1 1
Bo02—-3x+2=0 : =X —i—Zx +EX+Z 0
3_ — o
¥ =3x+2=0. | | Multlplgylng l;y 4 we get,
(iii)) Herea=2,B= 7 andy=1 : Ar + 3 eyt L =0
. 2 1 (iii) Form the equation whose roots are o — 3 —y
.". The cubic equation is ! . _
| | ! c—o=B-v=—(a+B+y)
_(2+E+lsz+(l+5+2)x_l =0 | =~(2)=2
! of +PBy+ya = 3
3 2 — :
= 2 -Tx*+7x-2=0 ! (—a)(—B)(—Y) A (OCBY) =—(4)=4
3. [Ifa, andy are the roots of the cubic equation 1 *. The required cubic equation is
x>+ 2x2 + 3x + 4 = 0, form a cubic equation , ga (-a—-B- y)x +(ap +By +vya)
those roots are 111 : P [( o) (-B)(~ ] 0
(i) 20, 20,2y, Hy-2019] (ii) ok’ ' = — 22 +3x-4=0
(i) -o, - B, —y ' = x3_2x2+3x—4= 0
Sol. The roots of x* +2x* + 3x + 4 2.0 are, B, ¥ . 4. Solve the equation 3x3 — 16x2 + 23x — 6 = 0 if
so+B+y= —co-efficientof *=—-2  ..(1) ! the product of two roots is 1.
aff + Py+ye = co-efficientof x=3  ..(2) 1 5o/ Given cubic equation is 3x* — 16x> +23x - 6=0
—aBy = +4=aBy=-4 ..(3) ) Let oL ,
. . . X et o,— and y be the roots of the equation
(i)  Form a cubic equation whose roots are 2a, 23, 2y | o ]
200+ 2B+2y=2(a+B+7)=2(2) =4 : [ .- product of two roots is 1]
[from (D] R +§x 2=0 (1)
4af + 4By + 4yo =4 (af + Py +yo) =4(3) =12 3 3
[from (2)] | Comparing (1) with
(20) (2B) 2Y) =8 (aBy)=8(-4)=-32 Vs (atlty 11 o
[from (3)] | ¥ ( N j +(0‘a+a Y+Y0LJ —a—-vy=0
.". The required cubic equation is 1 a ..(2)
X} — Qo+ 2B +27) x* + (4aP + 4By + 4yo) | we get,
x— (20) 2p) 2 =0 1 16
= XP-(4)x>+12x+32=0 | at_trv = = -(3)
= P+dl+12x+32=0 | v 23
. . . I I+—+y00 = —
(i) Form the cubic equation whose roots are o 3
111 \ 1
Iy o-—- = 2 =2 .4
@ B’y ! o = 4
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Substituting Y= 2 in (3) * 6. Solve the equation x> — 9x* +14x + 24 = 0 if it
1 16 : is given that two of its roots are in the ratio
oc+a+2 = 3 ! 3.2,
16 16—6 10 ' Sol. Givenx®—9x>+ 14x+24=0
= OH-E - 3T T3 Ty : Two of its roots are in the ratio 3 : 2
- o +1 _ 1o | Letoo:f = 3:2
o 3 : o 3
- 10 E p 2
/9\ | ~ 20 = 3P
| Comparing with x> =, ¥ +Z,x - X, =0
10 -1 ! z (ax+B+y)=9
10 1 ! Z, = (of+oy+Py=14
3 3 | I, = (opy=-24
1 =
Ga + 10) Go — 1)=0 : Frozngc f;BB:J o ?8
32+3 = 10a : Substituting 20 = 3
302-100+3 = 0 : 3+2B+2y = 18
Boa+10)Ba—1)=0 I Sp+2y = 18
~10 | 2y = 18-58 .. (D)
o« = T(Or) ! From affy = -24
1 I 208y = —48
“ =3 \ Substituting 20, = 33
10 ‘ ! (BP)Py = —48
o = KN is not possible = o= 30 B2y = —48
-10 . . : By = 16
[oa= 3 will not satisfy (5)] , Multiplying by 2, B2y = — 32
- The roots are 3 1 2. | Substituting 2y= 18 — 53
o ’ 3’ ! BX (18 —5B) = —32
5. Find the sum of squares of roots of the ! 1832 —5B° = —-32
equation 2x* — 8x3 + 6x2 -3 =0. PTA-2] | 53— 18p2—32 = 0
Sol. Given equation is 2x*— 8x* + 6x> -3 =0 : B-HER*+28+8) = 0
Herea=2,b=-8,¢c=6,d=0,e=-3 : B-4=0,gives p=4
Let o, B, Y and 8 be the roots of equation (1) I Substituting B = 4 in 200 = 3
Then by Vieta's formula, : 200 = 34
J— —_ — 1 —
2]:a+[3+y+6:7b:—<28):4 ! -..232 22
22=0L[3+0LY+OL5+BY+B8+Y8=£=§=3 | Substituting B =4 in 2y= 18 — 5
a 2 ! 2y = 18—5(4)
—d 2y = 18-2
23=aBy+aB8+ay6+By8=7=g=O E 2;/: _g 0
e =3 1 sy = -1
=ofyd =" = b3 | Hence the roots are 6, 4 and —1
Now, (a+b+c+d)* =a* + b* + c* + d* + 2 V7. Ifa, B and y are the roots of the polynomial
(ab + ac + ad + bc + bd + cd) | equation ax® + bx? + cx + d = 0, find the value
= P +pPHy 48’ = (OL +P+y+ 5)2 : of Ziin terms of the coefficients.
2(af+oy+ad+py+ps+vy3) ! By
a?+p2+y2 +8%=42-2(3)=16-6=10 ! Sol. Given o, B and v are the roots of ax® + bx2d+ cg
. +d=
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)
catBay = —719 ! Producstoftheroots = (0c+[3+y+6) (aByS)
! — —-20
. L [—](4)= =20 _ o
(XB + B’Y+ Yo = — 1 2 2
“ J : .. The required quadratic equation is x> — x
afy = — : (sum of the roots) + product of the roots = 0
a . 5 3
= x"—x|=|-10 =0
NOW, & = &+£+L : [2]
By By vo aP L = 22-3x-20 =0
1
o2 +B2 +y2 ! 9. If p and g are the roots of the equation
S e 1
n
afy ! lx2+nx+n=0,sh0wthat\/£+\/z+\/;=0.
((x+B+y)2—2(oc[3+By+y(x) 1 q p
= @By ' Sol. Given p, g are the roots of Ix* + nx +n =0
2 ! n n
[_b] _2[0 | ptq = - andpg= -
_ a a ! 5
- d : —n
- ! . (p+q)2 2 w1 on
da ! Consider = = x-==
b*  2c | pq n ? n
. b* —2ac —a [
= = —
d a* d Taking square root on both sider
- 1
a 1 2
(r+9) \/;
2 2 1 — ”
2o ) = % : P4 !
By ad “ I L e _ \/Z
! ] 'Y
8. [Ifa, B, yand d are the roots of the polynomial | rq
equation 2x* + 5x - 7x? + 8 = 0, find a | . (p+9q) n
quadratic equation with integer coefficients ' Consider —— o = N7
whose roots are o+ B+ v+ dand o 3 Yo I
Sol. Given polynomial equation is [Sep - 2020] , = (pt9) _ _ \/Z
24450 -T2 +8 = 0 ! N !
Herea=2,b=5,c =-7,d=0,e=8 I p q
By Vieta's formula ! + = -7
g ’ b =5 ! pq \rq !
o+PB+y+0=— = — |
a - 7 ! \/Z+\/£+ ? =0
c —_—
af+oy+od+Py+PO+yY0 = —=— ! 1 p
a 2 ! Hence proved.
—d X
apy+oafd+ayd+pys = I.NX ' 10. If the equations x> + px + ¢ = 0 and
e 8 I x* + p’x + ¢’ = 0 have a common root, show
afyd=— =-2=4 | pd-pra_q9-q
. . a. . that it must be equal to —or———,
Given roots of the quadratic equation are X q—q p-pr
a+P+y+dand afysd ! Sol. Given equation are x* + px + g =0 (1)
dx*+p'x+4q =0 ..(2)
: f the roots = (o +B+y+3) (aByd) | andx +p x+q
- sum of the roots = (a.+p+v+3) (apy5) : Let a be the common root for (1) and (2)
I G Db ! car+potq =0 (3)
1 T 2 T i ando?+p a+qg =0 (4
é
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Sol.

Sol.

Solving (3) and (4) by cross multiplication
method we get
p g 1 p
’ ’ ’ 1
g 1 p ¥ °
= =T
pqg—-prqg 49-4
2 2 ’ 2
Consider ,a — = <« : =% =pq;p,q
pq —pP49q qg—q a q9—49
_ p4'-rq
h q ,
Consider = = :q’_q
q — q' )2 p—-pP
Hence its roots are L p, d r q,_ 1
q9—9 p-p
A 12 metre tall tree was broken into two
parts. It was found that the height of the part
which was left standing was the cube root
of the length of the part that was cut away.
Formulate this into a mathematical problem
to find the height of the part which was left
standing.
Given that the height of the tree is 12m.
Let x m be the standing part and (12 — x)m be the
broken part.
1
Given x =12—x =>x=(12—x)3
Taking power 3 both sides, we get
= ¥ =12-x
= x> + x — 12 = 0 which is the required
mathematical problem.
EXERCISE 3.2
If k is real, discuss the nature of the roots of
the polynomial equation 2x* + kx + k = 0, in
terms of k.
Given equation is 2x> + kx + k=0
Herea = 2,b=k c=k
.. Discriminant - 0 8 ®
A = b>—4ac =k -4 Q2)k)
= K-8k=k(k-38)

Since k is real, the possible values of k are
k<0,k=00r8,0<k<8ork>8

Case (1) When k< 0,A=k (k-8)>0

= it has real roots (. k is real)

Case (ii) When k=0o0r 8, A=0,

.". The roots are real and equal

orders@surabooks.com
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Sol.

Sol.

Sol.

Case (ii1) When 0 < k<8, A=k (k—-8) <0
It has imaginary roots

Case (iv) When k> 8, A=k (k-8)>0

= The roots are real and distinct

Find a polynomial equation of minimum
degree with rational coefficients, having
2+\/§i as a root.

Given 2 + /3 i is a root

.2 — /3 i is another root

Hence sum of the roots =2 + \/gi +2 —\/gi =4

Product of the roots = (2 + 3 N2 - V3 i)

=4+3=7

Hence the required equatoin is

x% — (sum of the roots) x + product of the roots = 0
X-4x+7 =0

Find a polynomial equation of minimum

degree with rational coefficients, having
2i +3 as a root. [Hy - 2019]

Given 2i + 3 is a root

.. Its conjugate 3 — 2i is also a root of the
polynomial equation.

=2+3+3-21=6
(3+20)(3-2i)
R24+2=9+4=13

.". The polynomial equation of minimum degree
with rational co-efficients is

.. Sum of the roots
Product of the roots =

x? — x (sum of the roots) + product of the roots = 0
= xX>-x(6)+13 =0

= xXX—6x+13 =0

Find a polynomial equation of minimum
degree with rational coefficients, having
\/E — \/3 as a root. [PTA-5]
Given (\/g—\/g ) is a root

=45 +\/§ is also a root.

.. Sum of the roots = \/5—\/§+ 5 +\/§ :2\/5
Product of the roots

= (V5-3)(5+43)
= (57 -(3)*=5-3=2
.*.One of the factor is x*> — x (sum of the roots)
+ product of the roots
= x> - 2x \B +2
The other factor also will be % + 2x/5 + 2.
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Sol.

Sol.

Hence, the polynomial equation of minimum
degree with rational co-efficients is
02 2x5+2) (P +2x/5+2) =0
= (Z2+2-25002+2+2/5x) =0
= 2 +2)2-25x?* =0
[ (a + b) (a—b)=a* - b?]
= A +A2+4-405)x% =0
= X+ 4x?+4-200% =0
= *—16x2+4 =0
Prove that a straight line and parabola cannot
intersect at more than two points.
By choosing the co-ordinate axes suitably, we
take the equation of the straight line as
y = mx+c (1)
and equation of parabola as y* = 4ax (2)
Substituting (1) in (2), we get
(mx + ¢)* =4dax
= m?x* + c? + 2mex = 4dax
= m*2+xQmc—-4a)+c* =0
Which is a quadratic equation in x.
This equation cannot have more than two
solution. Hence, a straight line and a parabola
cannot intersect at more than two points.
EXERCISE 3.3
Solve the cubic equation : 2x* —x?-18x +9=0
if sum of two of its roots vanishes.
Since sum of two of its roots vanishes, let the
roots be o, — oo and B
—b 1 1
o-0+p = —===2pB ==
P a 2 b 2
—d 1. -9
Also,aBy = — =a(-a)(Z)=—7
a 2 2
= Eg ° 2=9=0=143
> =5 =a o==%
= o =3
.. The roots are 3, —3 and 5 .
Solve the equation 9x3 — 36x2 + 44x - 16 = 0
if the roots form an arithmetic progression.
Here,a=9,b=-36,c=44,d=-16
Since the roots form an arithmetic progression,
Let the rootsbe a —d, a and a + d
Sum of the roots = =b
a
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|
|
(%)
(@)
~

= @a-d)+@+(@+d = 5 =4
= 3a:4:>a=§
—d
and product of the roots = —
a
_—(—16)_&
9 T 9
16
= (a—d)(a)(a+d):3
16
(@-d* (a) = —
9
16 2|4 16 4
__d — _— '.'az_
PR 6 R
16 16 3 4
DR
16 4
__§:d2
16—12 4
= d2: = —
9 9
4 2
::l:_:‘l‘—
= d 9=%3
. Therootsarea—d, a, a + d
4 2
1) Whenazg,anddzg.
The roots a — d, a, a + d becomes,
R 2 2 4,
3 333 3 73377

\ 4 2
(i) Whena = g,andd:— 3
The roots a — d, a, a + d becomes,
4 2
=2, -, T.
3 333 3 3°3
Solve the equation 3x> — 26x* + 52x — 24 =0 if
its roots form a geometric progression.

Given cubic equation is 3x> — 26x% + 52x - 24 =0
Here,a=3,b = -26,c=52,d=-24.
Since the roots form a geometric progression,

a —b
The roots are — a, ar. sum of the roots =—

a 26 .
= —+4+a+ar = — ...(D)
r 3 —d s
and product of the roots = —
a 24 a /\
= }—/xax;ﬁ =73 =38 5 71
a® = 8=23 -
3 3
a =2 -1
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2 26
. (1) becomes —+2+42r= —
r 3
24 2r+2r* 26 14r+s2 13
= = — = — = —
r 3 r 3
= 3+3r+32 = 13r 237 -10r+3=0
= @#-3)@3r-1) =0=r=3
.~.The roots are a ,a, ar
r
2 2
=-2,23)==-,2,6
3 3
4. Determine k and solve the equation
2x3 — 6x2 + 3x + k = 0 if one of its roots is twice
the sum of the other two roots.
Sol. Given cubic equation is 2x> — 6x* + 3x + k=0
Here,a=2,b = —6,c=3,d=k
Let a, B, v be the roots
Givena = 2(B+7y) = %:B+y (1)
- —6
Now,a+B+7 = —b=—gz3
a 2
3o
LN RS W PR
2 2 2
= o =2
—d -k —k
= -_— = 2 2. Y 2
afy , A By 5
—k
= — .2
By 2 )
c
Also, a+By+ya = -
2B+By+2y = %
3
2(B+Y)+BY L
- [From (1) & (2)]
o AV rom
k 3
2—— = — A =2
4 " 2 [ro=2]
s 3k _ 1 _k
2 WAV V4
k = i:>k—2
= 3 =
F (2)[3 _—_k_—_2_—_1:>_—1
M RY = T T g
From (1), p+y= =2 =1
rom (1), Y= 5_2_
-1

Substitutin = — we get
g v 2B g
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B_ziB = 1=2p2- 1223282 2B 1=0
244D 2448
a 4 B 4
C 24412 24243
4 4
8- 1+43
2
(1+43)

k =2 and the roots are 2, 7

Find all zeros of the polynomial x% — 3x5 — 5x*
+ 22x3 — 39x% — 39x + 135, if it is known that
1+ 2i and /3 are two of its zeros.

Let fx) = x® — 3x° = 5x* + 22x% — 39x% - 39x + 135

Given (1 + 2i) is a root = (1 — 2i) is also a root.
Also +/3 is aroot = —+/3 is also a root.
Hence, the factors of f{x) are [x — (1 + 2i)]

[x—(1-20)] [x— 31[x+ 3]
[G=1) = 2i] [(x=1) + 2i][x - /3 ]lx+ /3]
(=12 +27)(* -3)
= (= 2x+144)(x* -3)
= factor of f{x) is (x% = 2x + 5)(x% = 3)
=>x* =32 -2 +6x+5x% - 15

=(x* - 2x3 + 2x% + 6x — 15) is a factor of f{x)
To find the other factor, let us divide f(x) by

=23+ 2x2+6x-15

x*-x -9

o223+ 2+ 6x— 15

/— 320 = 5x* + 22— 3922 - 39x + 135
= @+ =) =) (+)
/ “2x5 4+ 20 + 613 — 1522

—F—Tx" + 1660 — 2422~ 30x
+) =) [CORNCORNC]

SO+ 2 =23 62+ 15«
ST
&) /=) (% ) L)
¢+ Y83 — I8 — Ady + A35
0
The other factor is x2 —x — 9

2
- 1+ \/(— 1) 2— 4(1)(—9)

—b++b* —4ac
= ]
2a

[ x
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Sol.

1437

= x =
Hence the roots are

1 37
1420, 1-2i, J3,-/3, + ‘/7 ;/7
Solve the cubic equatlons
(i) 23-9x2+10x=3,
(i) Sx*-22-7x+3=0.

(1) Since the sum of the co-efficients is
2-9+10-3 = 12-12=0

= X 1 is a root of f (x)

.. (x—1) is a factor of f (x)

To find the other factor, let us divide f{ix) by x — 1

1 2 -9 10 -3
v 2 7 3
3 2 3 | 0
v 6 3
2 -1 | 0
[Using synthetic division]
fx) = -DHx-3)2x-1)=0
= x—1 = 0,x-3=00r2x-1=0
1
— 1 — 3’ -
= x=1,x X >
Hence the roots are 1, 3, 5 .

(i) Letflx) = 8 -2x>-7x+3=0

Here sum of the co-efficients of odd terms
= 8-7=1

and sum of the co-efficients of even terms
= 2+3=1

Hence, x = — 1 is a root of f(x)

Let us divide fix) by (x + 1)

S8 2 3
vV 8 10 -3
8§ 10 3 [0

.. The other factor is 8x% — 10x + 3

10 £ /100 —4(8
N ®O)
2%x8
10 £+/100—-96 10+2
= X = ——— = x=
16 16
= x—gorx—ﬁznc—E l
16 16 4’2
Th t 1 L3
. r re—1, —, =
.". The roots are 32
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Sol.

—l

Sol.

(ii)

U

| T A

LI

Solve the equation : x* — 14x? + 45 = 0.
Put XX =y
= y-14y+45 = 0 45
= (-9(-5 =0 /i
= y=9ory =5
= x*=9orx* = 5 -9 -5
= x=*3o0rx = .5
Hence the roots are 3, \/5 .
Solve : (i) (x = 5)(x = 7)(x + 6)(x + 4) = 504
Rearrange the terms as.
x=5x+4) (x-7) (x+6)=504
=2 —x—-20) (x* —x—42) =504 336
put f -
= (-200-42) = 504 /6x
=y2 - 62y +840-504 = 0 _56 6
= y—62y+336 = 0
= (y—56)(y—6) =0 56
= y = 56,6
Case (i) When y = 56, x> —x = 56 A
= x¥-x-56 =0
= x=-8) (x+7) 0 = J
= x = 8,-7
Case (ii) 6
Wheny = 6,
xX>—-x =6 A
= Z-x—-6 =0 3 )
= x-3)x+2) =20
= x = 3,-2
Hence the roots are {8, -7, -3, -2}.
x-DHx-7DNx-2)x+1)=16
. Given(x-4) (x-7) (x-2)(x+1)=16
Re arrange the terms as
x-4dHx-2)x-T)(x+1)=16
P —6x+8) (> —6x—7)=
put X>—6x =y
G+8 -7 = 16 7
y+y-56-16 = 0 A
yV+y-72 = 0
+9HHy-8 = 0 +9 -8
y = 9.8
Case (i)
When y -9
xX>—6x = -9
¥-6x+9 = 0
x=3? = 0
x = 3,3
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Sol.

Case (ii) )
When y =38, /\
X2—-6x =8 4 o
X2-6x-8 =0 - B
_ 6+36-4(1)(-9)
T 2
_ 6+436+32
T 2
6++/68 642417
X = = e —
2 2
2(3i\/ﬁ)
X = —=
2
X = 3i\/ﬁ

.. The roots are 3, 3, 3 + \/ﬁand 3 - \/ﬁ
Solve : 2x - D(x +3)(x-2)2x +3)+20=0
Rearrange the terms as
2x-D2x+3)(x+3)(x-2)+20=0

= @2 +6x-2x-3)(x*—2x+3x-6)+20=0
= @2 +4x-3)(x*+x-6)+20=0

put X+ x =y 152
= 4y-3)(y-6)+20=0
= 4y? 24y -3y +18+20=0 24
= 4y2-27y+38 =0 -19 -8
= 0-2)@-19=0 —19 -8
) 4 —19
Case (i) T -2
When y =(2;
X+x =2= *+x-2=0
Sx+2)x-1) =0
= x = 2,1
Case (ii)
When y = Q, x2+x=£
4 4
= 4x* + 4x 19
= 4x+4x-19 0
—44+/16—4(4)(—19)
= x = 2
—4+16+304
= x =
8
—4++/320
= X o=
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4485
= X = —
8
4(—1+245)
- I
125
= x = —2
.". The roots are {1,—2, -1 +22\/§ R -1 _22\/5}

J EXERCISE 3.5 \8

Solve the following equations
(i) sin® x-5sinx+4=0
(i) 12x3+8x=29x>-4

(i) sin>x-5sinx+4=0

Puty = sinx
= y-59+4 = 0
= O-40-D =0
= y = 4,1
Case (i)
When y = 4,sinx=4

and no solution for sin x = 4 since the range the
sine function is [-1, 1]

Case (ii)

When y = 1l,sinx=1

= sinx = sin il [, sin g: 1]
= X =

nm + (—1)ﬂg ne’z
[.sinx=sino=x=nn+(—1)"a, neZ]
n
forallneZ,x=2n+m 5 is solution

(i) 123 +8x=29x2-4

This equation can be re-written as
12x3 - 29x% + 8x +4 =0

o |12 29 8 4
Vo424 10 4
2 5 2 [0

.. x =21s aroot and the remaining factor is
12x* - 5x -2

24
= Bx-2)4x+1) =20 /\
= 3x-2=0ordx+1 =0 =

1 -8 3
2 —
= x=3.x=7 R
5 . 12 12
The roots are 2, — and — —. 2 1
3 3 4
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2. Examine for the rational roots of T Case (i) when 1 =8, = y> =8 = y3 =23
i 23-x*-1=0 (i) ®*-3x+1=0 ! N y =2
Sol. (i) 2x°-x*-1=0 I 1,1
Since the sum of the co-efficients =2 —1-1=0 , Case (ii) when 7 = IRy
1
x = lisaroot. L 1
Y - -
2 1 0 1 | ’ 2 .
1 N - ! Wheny = 2, x27 =2
Vo2 1 ! K o
2 1 1 [0 ! = x = @
I = x =(2%"
.x =1is aroot and the remaining factor is ! - = 4
22 +x+1 : | P
1 L 1
14412 —42)(1) ! When y= —,x¥=—- = x=[—]
= x = > X 2 2 2
1 1 L 1
1
.8 11
= x = 5 which is a complex root. : 2 4"
) | Hence the roots are 4".
—1+i7 !
= X = b 6
. 2 . 4. Solve : 2\/7 ﬁ 2.2 .
.. x =1 is the rational root. I b
1
(i) x¥-3x+1=0 | \f b 6a
1. =2 —I—— = —+—
Hereazlazl :SO Pt Y a b
2 2
1t £ is a root of the polynomial, then as : 2y’ +3 = b” +6a”
1
. X y ab
(p,q)=1plsafactor0fao=1andqlsa: ; s )
factor of a, = 1 ! > , ab(22y * ?; ) = (b7 +6a)y
Since 1 has no factors, the given equation , = 2aby 2+ 3ab2— y(b2 +6a7) =0
has no rational roots. ! = 2aby” —y(b=+6a°) +3ab = 0
3 =3 1 = 2aby*—b*y—6a*y+3ab = 0
3. Solve: 8x2" —8x2" =63. ! = by(2ay—b)—3a 2ay—b) = 0
3 =3 3 _1\3 I = (2ay—>b) (by—3a) = 0
_ - 1\ |
Sol. 8x2n —8x2n =63 :>8‘(x2n) _(xZ") ] 63 ! N 2ay=b.by = 3a
put xi y : = b Sa
2 y=5-,y = |
A E i 2a b
= 8|y == | = 63 | Case (i) When y = —
y . 2a )
L@ e kb x P »
= Y y3 T3 y3 8 ! a 2a a 4q* 4a
= 8y°-8 = 63y’ : Case (if) When y = >2
= 8063y -8 = 0 I b
= 82-63t—-8 = 0  [wherer=y%] , 3¢ x 948 94
= @Br—1)(r—-8) = 0 ! a = ;—b—2:>x—b—2
1 ! 2 3
= r= 8’ 8 | The roots are L 9%
é 4(1 b
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CHAPTER

TWO DIMENSIONAL
ANALYTICAL GEOMETRY - I

_________________________________________________________________________________

y| MUST KNOW DEFINITIONS §

+ A circle is the locus of a point in a plane which moves such that its distance from a fixed point is
always constant.

+ Tangent of a circle is a line which touches the circle at only one pomt 77777777777777

+ Normal is a line perpendicular to the tangent. : o Y

+ From any point outside the circle two tangents can be drawn. £ = 4ax

+ Parabola 'g Latus rectum
S(a, 0) — Focus 0(0, 0) — Vertex e ‘ ,
Y=0 — Axis ' O Axis X
Length of latus rectum = 4a : 0.0) S(a.,0) i

+ Ellipse

2 2 : ——

I |

2
]
7]
(4]

=t
a Y U :

S(ae, 0), S'(=ae, 0) — Foci Y £
Q
o
0 (0, 0) Centre | B a
AA’ — Major axis — 2a; BB’ — Minor axis — 2b A0 ~A| «
b*=a*(1-¢%) : (—aﬁg'ﬁg,—s’/(a,m
L a —a
Directrices x=—, x=—
e e

+ Sum of the focal distances of any point on the ellipse is equal to length of the 'major axis.

+ Hyperbola :

x2 y2 Y

E A(a, 0), A’(-a, 0) — Vertices

[
w2 _ = E
2 B 1 g f
B |5 2
AA’ =2a — Transverse axis; BB’ = 2b — Conjuate axis a 3
0(0, 0) — centre : S/ Al O A s|3 X
A(a, 0), A'(-a, 0) — vertices; S(ae, 0), S'(—ae, 0) — Focus ;
2b* ,
Directrices x =+< ; Latus rectum = 2b° i b =d*(e*-1) B
e a
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_________________________________________________________________________________

y| IMPORTANT FORMULA TO REMEMBER [N

+ Equation of circle with centre (0, 0) and radius r is x> + y*> = 2.

+ Equation of circle with centre (h, k) and radius 7 is (x — k)’ + (y — k)> = 12.

+ For the equation x> + y* +2gx +2fy + ¢ =0, ... (1) centre is (—g, —f) and r = \/gz +f2 -c

+ (1) represents a real circle if g% + f> —c > 0, a point circle if g> +f>—c =0
and an imaginary circle if g% +f>—c¢ <0.

+ Equation of circle with (x,, y,) and (x,, y,) as extremities of diameter is
(X—Xl) ()C—X2) + (y_yl) (y_yz) =0.

+ IFE X2+ 07 +2g% + 2 +c s
LA 1 ! =0, (x,)) lieson the circle

<0, (x,))liesinside
+ Equation of tangent at (x,, y,) to the circle is xx, + yy, + gx + x,) +f(y +y) + ¢ =0

2 4

+ Equation of tangent to the circle is x* + y> = a’is Xx, +yy, =a

+ Equation of normal to x? + y* = a® is xy, — yx, = a*.

+ Condition for y = mx + ¢ to be a tangent to the circle is ¢> = a® (1 + m?)

am a am —a
Point of contactis | — s or ,
[ V1+m? \/1+m2) (\/1+m2 \/1+m2]
+ If e =1, then the conic is a parabola, e < 1, then it is a ellipse and e > 1, it is a hyperbola.

_________________________________________________________________________________

>0, (x,))lies outside |
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2

Axis of Equation | Length
Equation Graph Vertex Focus XIS 0 of of Latus
Symmetry | pyrectrix | rectum
Y
o 3 (h+a, B .
(y—k)*=4da(x—h) <X (h, k) 0+ k) v=k x=h-a 4a
Y
(y — k)% = —da(x — h) e | #-% y=k | x=h+a| 4a
X 0+ k)
(0]
Y\/
(x —h)? = 4a(y — k) i | Ok x=h | y=k-a| 4a
X a+k)
(0)
Y
2 3 X O+ h, _ _
(x = h)y*=-4a(y - k) (h, k) a+h) x=h v=k+a 4da
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Ellipse
Equation & Diagram Centre Major axis Vertices Foci

2 2
(x_h) +(y_k) :1, a2>b2

a’ b
Y
parallel to the
//\ (h, k) axis (h+a,k) (h+c k)
o 7
(v —k)?=—4a(x-h)
Y
parallel to the
(h, k) | & (h, k + a) (h, k+¢)
NV
Hyperbola
Hyperbola Transverse axis parallel to the x-axis
YN @-h? =k’ _,
a* b’
Centre — (h, k)
Vertices (h + a, k) (h—a, k)
5 h \ X Foci — (h+c, k)(h—c, k)
. . . a
Equation of directrix = +—
e
Transverse axis parallel to the y-axis
Yy
W=k’ =m
\\/ a2 b2
. Centre — (h, k)
(h, k) .
- X Vertices (h, k + a) (h, k—a)
Foci (h, k+ ¢)(h, k—¢)
RN . . a
Equation of directrices y = £—
e
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+ Parametric equations

Conic Parametric equations | Parameter | Range of parameter | Any point on the conic
Circle x=acos0, 0 0<0<2n 0 or (a cos 0, a sin 0)
y=asinf
Parabola | x = af? t —w<t<ow t or (at?, 2at)
y=2at
Ellipse X=acos0, 0 0<6<2m 0 or (a cos 0, b sin 0)
y=bsin0
Hyperbola | x = a sec 9, 0 n<0<m 0 or (a sec 0, b tan 0)
=btan 0
Y except 0 = +X
2
Parabola
+  Equation of tangent is yy, = 2a(x + x,) (cartesian form) and in parametric form is yr = x + ar’.
+  Equation of normal is xy, +2ay = x,y, + 2ay, in parametric form is y + xz = af® + 2at.
Ellipse
+ Equation of tangent is —+ 2 ' = 1 (cartesian form)
a*
LOse+ ysin® = 1 (Parametric form)
a b
2 2
a’x by ;
+  Equation of normal is — ——= = g’ — b? (cartesian form)
X
o by 1 3|

— = q*> - b?> (parametric form)
cos® sin0O

Hyperbola

. . Ay i .
+  Equation of tangent is —-— b_2 =1 (cartesian form)
a

xsecO ytan0

= 1 (parametric form)

a b
a’x b’ y
+  Equation of normal is — +—= = a” + b? (cartesian form)
x
= 49 2+b2(1 ylt' form)
=a arametric form
secO tan® P

+  Condition for y = mx + ¢ to be a tangent to

a a 2a
@) Parabola y> = 4 ax is c = — ; Point of contact is (_2,;)
m

3

m b
(i)  Ellipse is ¢* = a’>m? — b*; Point of contact is ( —]
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Sol.

Sol.

EXERCISE 5.1

Obtain the equation of the circles with radius
S cm and touching x-axis at the origin in
general form.

Given r=5cm

Since the circle touches the x axis, its centre is
(0, £5)

Equation of the circle is (x — k)% + (y — k)> = 2
= (x-0)>+(yx5)? 5%

= x2+y2+,2§iloy 25

= X2+ y2 + 10y 0

Find the equation of the circle with centre
(2, -1) and passing through the point (3, 6) in
standard form.

Given centre is (2, —1) and passing through the
point (3, 6)
.. r = distance between (2, —1) and (3, 6)
= J2-3) +(-1-6)?
(=D)?+ (=7’
J1+49 = /50

.. Equation of the circle is
(@ =h?+(-k?

(=2 +(y+ 1)2
= x-22+@y+1)? =

rz
(/50)?
50

orders@surabooks.com
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w

Sol.

s

Sol.

Find the equation of circles that touch both
the axes and pass through (- 4, — 2) in general
form.

Since the circle touch both the axis. Its equation

will be (x —a)> + (y —a)* = a* .. (D)
It passes through (-4, -2)

(A -a)i+(2-a)P = d?

16+/+8a+4+a2+4a = /
= a*+12a+20 = 0
= (a+10)a+2) = 0
a =-10or-2
Y
0 X
(_4a_2)
Case (i)
When a = -10, (1) becomes
(x+10)> + (y + 10)> = —10?

\.é

= 124100+ 20x + y*+ 100 + 20y

= x>+ 32 +20x +20y + 100 = 0
Case (ii)
When a = -2, (1) becomes

(x+22+(y+2)? =22
= X4+dx+4+V+4y+ A = 4
= x2+y2+4x+4y+4:0

Hence, equation of the circles are

X+ +dx+4dy+4 =0
or X% +y*+20x + 20y + 100 = 0
Find the equation of the circle with centre
(2, 3) and passing through the intersection of
the lines3x -2y —1=0and 4x +y - 27 = 0.
Given centre is (2, 3)

Let us solve 3x-2y =1 (1)
and dx+y = 27 ..(2)
(1) — 3x—? =1
2)yx2— 8x+2y = 54

1lx = 55=x=5

Substituting x = 5 in equation (1)

PH:9600175757 | 8124301000

Please Send your Materials, Question Papers & Answer Keys to Email : kalvinesan.com @gmail.com



www.kalvinesan.com

This is Only for Sample for Full Book Order Online or Available at All Leading Bookstores

Chapter 5 ™ Two Dimensional Analytical Geometry - 11

https://t.me/kalvinesan

®

Sol.

Sol.

~305)-2y =1
= 15-2y =1
= 15-1 = 2y
= 14 = 2y
= y =17
The circle passes through (5, 7)
[ distance between (5, 7) and (2, 3)]
r= J(5-27+(1-3)
= V32 +4
= J9+16 =25=5
Equation of the circle is
x-—h?+@y-k? =~
= x-2+@y-37? = 5°
= X —4x+4+y’—6y+9 = 25
= X>4+y?—-4x-6y+13-25 =0
= ¥+y?—4x—6y—12 = 0
Obtain the equation of the circle for which
(3, 4) and (2, -7) are the ends of a diameter.
Given ends of diameter are (3, 4),(2, —7) [PTA-3]
.. Equation of the circle is
x=x)(x=x)+-y) -y, =0
= x-3)x-2)+@-dHy+7 =0
= X*-2x-3x+6+)y>+Ty—4y—-28 = 0
= X +y?P—5x+3y-22 = 0
Find the equation of the circle through the
points (1, 0), (-1, 0) and (0, 1).
Let the equation of the circle be
X+ +2ex+2fy+c= 0 ...(1)
It passes through (1, 0)
= 12+0+2g()+2f(0)+c= 0
= 2g+c= -1 ..2)
It passes through (-1, 0)
= (1)’ +0+2g-1)+2f(0)+c= 0
= —-2g+c=-1..3)
Also it passes through (0, 1)
= 0+12+2g(0)+2fi)+c= 0
= 2f+c= -1..(4)
2)+3)=> 2c= 2
= c= -1
Substituting ¢ =—1 in (2), we get
2¢—1 = -1
= 2¢ = 0

orders@surabooks.com
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Sol.

Sol.

= g = 0
Substituting ¢ =—1 in (4) we get,
2f-1 = -1

= 2f = 0

= f =0

.. (1) becomes,

X+’ +04+40-1 = 0

= 2+y = 1

A circle of area 9n square units has two of
its diameters along the lines x + y = 5 and
x —y = 1. Find the equation of the circle.
Area of the circle = 97 sq. units [Sep. - 2020]
m=9n=r=9=r=3

Diameters are x+ y=5 (1) andx—y=1 (2)

We know that centre is the point of intersection
of diameters.

.. To find the centre, solve (1) and (2).

MH+2)=> x+z =5
x=p =1
2x = 6
= x =3
Substituting x =3 inx+y=35
S ()= 3+y =5
= y = 5-3=2

-~ Centre is (3, 2)
Hence, equation of the circle is

@-h?+(y-k? = A
= (x=32+((y-27? = 3?
= P-6x+9+y —dy+4 = 9
= P+y?—6x—4y+4 = 0

Ify = 2J2x+c is a tangent to the circle
x% +y? =16, find the value of c.

Given that equation of the circle is

x*+y> = 16
= a> = 16
and equation of the tangent is
y = 232x +¢

= m=2J2 andc=c [.y=mx+ cis the tangent]
The condition for the line y = mx + c is a tangent
to the circle x> + y> = a? is

A = a1 +m?
N 2 = 16(1 +2v2)?)
- 2 = 16(1 +8)
- 2 = 16(9)
- ¢ = +4(3)
= c = %12
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9. Find the equation of the tangent and normal T Sol. (i)  Equation of the circle is x*> + (y +2)> =0
to the circle x? + y?— 6x + 6y -8 =0 at (2,2). , Centre is (0, —2) and radius is 0
. . . 2 2 _ 1 ? ’
Sol. Equation of the circle is x* + y* — 6x + 6y — 8 = 0. ! (i) Equation of the circle is
. Equation of the tangent at (x, y,) is ! X+ +6x—4y+4=0.
xx1+yy1—§(x+x1)+§(y+y1)—8:0 | Here2g=6 = ¢=3
2 2 ! Af=—4=f=-2andc=4
Given (x;, y,)1s (2, 2) ! Centre is (—g, ) = (-3, 2)
Equation of the tangent at (2, 2) is I
_ [ 2,2 . _ 2 2
X(2) +y(2) -3 +2)+3(y+2)-8=0 ! reNgiHfi e = Y3+ (D) -4
1
=  2x+2y-3x—H+3y+6-8=0 ! - J9+4-4 = Jo
= —x+5y-8=0 : = 3 units
= x-5y+8=0 ! (iii) Equation of the circle is x> +y> —x+2y—3=0
Equation of the normal is | -1
Here2g = -1 =—
X, —xy; + g —y) —f(x—x) =0 : S — 8T
= y2)-x2)-3(y-2)-3(x-2)=0 i 2f = 2 =>f=landc=-3
1
[ 2g=_6:>g=*3;2f=6 :>f= 3] : Centre is (_g’ —f) L (l,_l)
= 2y-2x-3y+6-3x+6=0 1 2
1
= Sx—y+12=0 - andr = Vg +/ -c
1
= Sx+y—-12=0 ; I
10. Determine whether the points (-2, 1), (0, 0) | = \/ Z+1+3
and (-4, -3) lie outside, on or inside the circle : 1 1+16
x> +y?-5x+2y-5=0. | = \/2"'4:\/ )
Sol. (i) Given equation of the circle is :
24y —5x+2y-5 = 0 ! LA—
r =~ units.
At (-2, 1), (1) becomes L . B 2
OV 412 5(-2) + 2(1) 5 , (iv) Equation of the circle is
2) =2)+2(0) S 4 22 +2y2 —6x+4y+2 = 0
: CREERY 0_ ! Dividing by 2, we get
a S 2+y?-3x+2y+1 = 0
- (-2, 1) lies outside the circle. | Y Y 3
(i) At (0, 0), (1) becomes -5 < 0 ! Here2g = 3=g¢="
. (0, 0) lies inside the circle. | 2 = 2 =f=1
(ii1) At (-4, -3), (1) becomes : ande = 1
(—4)* + (=3)* = 5(-4) +2(-3) -5 i 3
1 .
= 16+9+20-6-5" -~ Centre is (—g, f) = (5,—1)
1
= 45-11=34>0 ! >
3
. (-4, -3) lies outside the circle. ! andr= g’ +f*—¢c = /(E) +12 -1
11. Find centre and radius of the following circles. | 5
1
() x4 @+2?2=0 . = J2 22 units.
(i) ¥2+y’+6x—dy+4=0 ! 42
(i) x*+y’-x+2y-3=0 |
(iv) 22 +2y2—6x+4y+2=0 [PTA-6] 1|
é
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12. If the equation 3x% + (3 - p) xy + qy*> - 2px T (ii)) The parabola passes through (2, —3) and
= 8pq represents a circle, find p and ¢. Also symmetric about y-axis.

determine the centre and radius of the circle. v

Sol. Given equation of the circle is [PTA - 1]
3x2 + (3 —p)xy + qy* — 2px = 8pq
For the circle, co-efficient of xy =0
= 3-p=0=p=3
Also, co-efficient of x> = co-efficient of y?
= 3 =g
.. Equation of the circle is
3x2 + 3y? — 6x
3x2 43y —6x—72

2,-3)

Yl

8(3)3)
0

Since the parabola passes through (2, —3)
the parabola is open downward.

Dividing by 3, we get - Its equation is x* = —4ay (D)
X4y -2x-24 =0 Substitute the point (2, —3) we get,
Here2g = -2 22 = _4g(-3)
= g =-1
f=0andc=—24 = & 2
Centre is (g, -f) = (1,0) 4 4 = A _1
and r = \/g2+f2—c J? 3

(1) becomes,

1
- 4| =
¢ - ls)

= 332 = —4y
(i1i1)) Vertex is (1, —2) and focus is (4, -2).

1
1
1
I
1
1
1
1
1
I
1
1
1
1
1
:
1
1
I
1
1
1
1
1
:
1
1
I
1
]
1
1
1
:
: The parabola is right open.
I
1
1
1
1
1
I
1
1
1
1
1
:
1
1
I
1
1
1
1
1
:
1
1
I
1
1
1
1
1
é

JE=D2+0+24
J25

5 units.

EXERCISE 5.2

1. Find the equation of the parabola in each of Y
the cases given below :
(i) focus (4, 0) and directrix x = —4.
[Aug. - 2021] />
(ii) passes through (2, -3) and symmetric [ 1,-2) S
about y- axis. < ——
(iii) vertex(1,-2) and focus(4, -2). V\ 4.-2)
(iv) end points of latus rectum (4, —-8) and
4, 8).
Sol. (i) Given Focus (4, 0) and directrix x = —4. a = distance between (1, -2) and (4, -2)
Since (4, 0) is the focus and the directrix a = \/(1 —4)? +(=2+2)
is x = —4, the parabola is of the form =
y? = 4ax. a = /(_3)2 -3
x=-4 Y =
Equation of the parabola is
(y—k)? =4a(x—h)
. (y+2)? =43)(x-1)
(4,0) [ (h k)is (1,-2)]
= y+2? =12(x-1)
(iv)  End points of latus rectum are (4, —8) and
Alsoa = 4 4, 8).
<. Equation of the parabola is y* = 4(4)x Focus is the mid-point of (4, —-8) and
= y> = 16x 4,8)
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* = b=5
Y “8) I ZS@=4= e = ¢
1
| Also, @ = b*(1 - €%
< ! 25-16
! = a’*= 25 1—E =25
! 25 25
4,-8) S at=9
1 xz 2
: Equation of the ellipse is —+-5 =1
4+4 —8+8 | a b
.. Focus = _2 ) =(4,0) : iy ﬁ+ﬁ:1
s a = 4and vertex is (0, 0) | 9 25
. . 2 _
Equatlonzof the parabola is y~ = 4ax | (iii) Length of latus rectrum = 8, e = 3 and
= y = 4@)x : major axis on x-axis.
2 _ 2 3
=y =l : Given 22_ = 8 e==
2. Find the equation of the ellipse in each of the | a S
cases given below : I b* = 4a
1 ' b* = a*(1-¢*
() foci (£3,0),e= . : & e;
2
(ii) foci (0, = 4) and end points of major axis : 4a = a (1 - E)
0, 5). '
are (0, £5) . : \ 25_9
(iii) length of latus rectum 8, eccentricity=g | -4 25
and major axis on x-axis. ! 100 = a(16)
. . I
(iv) length of latus rectum 4, distance 100 25 , 625
. I a=— = == =sag°=—
between foci 4\/5 , centre (0, 0) and , 16 4 16
major axis as y - axis. : 25
_ , 1 I b*= 4x— =25
Sol. (i) foci (£3,0),e= — I . 4 o ) .
2 I Since major axis is on x-axis, equation of
Since foci are (+ae, 0) : the ellipse is
= ae = 3 !
1 | 0)2 0)2
= g-— = 3=2a=6 , (x_z) +(y—2) -1
Centre is (0, 0) : “ 2b 5
1 X y
2 _ 2 2 = 42
andb—a(l—i) | = @—i_zs = 1
= P = 36 1—2) : 16
1
3 ! 16x P
a b= 36 _) | 625 25
4 I (iv) Length of latus rectum = 4, distance
2 . .
= b= 27 2 B : between foci = 442 major axis is
. oo X I y-axis.
.. Equation of the ellipse is 7 -5 =1 '
a b . 2
X2 ! Given — = 4 and distance between
= —+— =1 | a
. 3627 . o foci = 2ae = 42
(ii) Foci (0, +4) and end points of major axis |
are (0, £5) I = ae = 2\/5
Since foci are (0, +be) = be =4 : 22
End points of major axis are (0, £5) l = ae” = 8 (D)
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2b
= 4=b>=2a ..(2)
We know b? = a*(1 -¢é?)
= b = a®-a%
= 2a = a*-8
[using (1) and (2)]
=a*-2a-8 =0
On factorising we get
(a-4)@a+2) =0
= a = 4or-2
a =4
[.-a =-2 is not possible]
= a> = 16
. From (2), P =2(4) = 8
Hence, the equation of the ellipse is
oyt : . .
riri [.- Major axis is y -axis]

3. Find the equation of the hyperbola in each of
the cases given below:

3
(i) foci (£2, 0) eccentricity = >

(ii) Centre (2,1), one of the foci (8,1) and
corresponding directrix x = 4.

(iii) passing through (5, -2)and length of
the transverse axis along x axis and of
length 8 units.

Sol. (i) Given foci (£2, 0) = ae = 2 and centre is
alZ |= 2=>a=—
2 3
b= d¥*-1) .
16(9 16(9-4 % 5
2:_ __1 = | - = —X—
=0b 9(4 ) 9( 4 ) 9 " A
, 4x5 20
= b - - _ =
9 9
2 2
.. Equation of the hyperbola is —2—;;—2 =1
2 2
Yy _
= 1620 1
9 9
16 20

(ii) ae = distance between centre and focus

ae= B2 +(1-1" = J> =6 (1)

orders@surabooks.com
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a .
Also — = distance between centre and
e

directrix

a_Ja-2+a-1 = V2 22
e

[ (4, 1) is a point on the directrix]

(1) x (2) — agx% — 6x2
= a* = 12
(1) — a’e’> = 36
12(e?) = 36
= =3

- e= 3
Also, P> =a*(e*~1)=123 - 1)=12(2) =24
.. Equation of the hyperbola is

(@x=h° (-0 _

a’ b’
(=2 =D* _
12 24

(iii) Passing through (5, —2) length of the
transverse axis is a long x-axis and of
length 8 units.

2a = 8§=>a=4
Since the transverse axis is along x-axis,
centre is (0, 0)
Equation of the hyperbola is

N
16 p»*
Since (5, —2) passes through the parabola,
4 —
B 4 4 25, 257169
16 »? b 16 16 16
16x4 64
REE = —
9 9
.. Equation of the hyperbola is
A b 2 2
9
XY LEw
16 64 16 64
9

Find the vertex, focus, equation of directrix
and length of the latus rectum of the following:

G) y*=16x (i) x2 =24y
(iii) y2 =-8x (iv) x2-2x+ 8y+17=0
(V) y*—dy-8x+12=0
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Sol. (i) y*=16x ’ (c) Equation of directrix is y =k + a
The given parabola is right open parabola ! =>y=-2+2=y=0
1
and 4a = 16_ =a=4 : (d) Length of latus rectum is 4a = 8 units.
(a) Vertex is (0, 0) X 5
(b) focus is (i +a, 0 + &) : Y —4y=8x-12
0440 E) _ (4.0 1 Adding 4 both sides, we get,
=0+4,0+0)=4,0) | Y -4y+4=8r—12+4=8x-8
(c) Equation of directrix isx=h —a ! = (y-22=8(x-1)
=x=0-4=x=-4 I This is a right open parabola and latus
(d) Length of latus rectum is 4a = 16. | rectum is 4a = 8 =a = 2.
(i) x?>=24y ! (a) Vertexis(1,2)=h=1,k=2
The given parabola is open upward 1 (b) focusis (h+a, 0+k)
parabola and 4a =24 = a = 6. : =(1+2,0+2)
(a) Vertex is (0, 0) | =(3,2)
=h=0,k=0 I (c) Equation of directrix is x =h —a
1 —
(b) focus is (0 + A, a + k) - =y
1 - _
= (0+0,6+0)= (0, 6) . T 1f1t o i e 8 it
(¢) Equation of directrix isy =k —a : FORGFTIEn of latus rectum is 4g = 8 units.
=y=0-6=>y=-6 : 5. Identify the type of conic and find centre,
(d) Length of latus rectum is 4a = 24. I foci, vertices and directrices of each of the
| following.
(iii) y*=-8x X 5 5 5 5
The given parabola is left open parabola | @) Y (i) —+ RN
and4a=8 = a=2. | 259 3 10
(a) Vertexis (0, 0) 1 (i) x_z — ﬁ =1 (iv) ﬁ - x_2 =1
=h=0,k=0 : 25 144 16 9
(b) focusis (h—a,0+k) !
— (0-2,0+0) : Lxr >y
Sol. (i) =—+=—=11isin the form —+-—5=1
=020 Sk W5+ a b
(c) Equation of directrix isx = h + a I > 5
S x=0+2=x=2 1 Here a*=25and b =9
hofl is 4q = | a’-b’ 25-9 16
(d) Length of latus rectum is 4a = 8. . Weknowe? = —5—= "= >
(iv) ¥2-2x +8y+17=0 ! Z 25
. e = —anda=>5
X -2x=-8y—17 1
1
Adding 1 both sides, we get | Hence ae = 5x—
5
X2-2x+1=-8y—17+1 : 5
a
= x-12=-8y-16=-8(y+2) i ae = 4and —= =5
e
= @-1’=-8(y+2) ! a 25
This is a open downward parabola, latus : e 4
rectum4a=8 = a=2. : Major axis x axis.
(a) Vertexis (1,-2) | Center = (0, 0)
=h=1k=-2 : Foci = (tae, 0) = (x4, 0)
(b) focusis(O+h,—a+k) ! Vertices = (+a, 0) = (5, 0)
=0+1,-2-2) I 95
a
= (1,4 : Directrix x = +—= + —
o e 4
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2 2

(i) Given equation is x?+f— =1 is in the
2 2
form b_2+iz/_2=1
Here a*> = 10 and b* =3
, da-b 10-3 7
We know e~ = T . = —
a 10 10
J7
e = ——anda= \/E
J10 v
7
Hence ae = \/EX
J10
ae = \/7 and
a 10 10
- = e \/EX_
e J7 J7
J10
g _ 10
PN

Major axis y axis.
Center = (0, 0)
Foci = (0, + ae) = (0, £~/7 )

Vertices = (0, +a) = (0, +/10)
Directrix y = +9 -4+ 10
PN
2 2
(iii) Given equation is X Y —1isinthe
2 2 25 144
form — —=—5=1
at b

Here a> = 25 and b* = 144

, ai+b’ 254144 169
We know e~ = 2 - 25 T s
e = —anda=5
Hence ae = 5 XE
> a 5 5
ae = 13 and ;:§=5>< E
a 25 5
e 13
Transverse axis x axis.
Center = (0, 0)
Foci = (0, £ ae, 0)=(£13,0)
Vertices = (ta,0)=(£5,0)
. . a 25
Directrixy = iz = il—

orders@surabooks.com
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Sol.

(iv) E_j =1 is in the form a—z—b—zzl

Here ¢> = 16 and b* =9
2, 42
+b 25
We know ¢? = - 5 _lo+9 =
a 16 16
e = —anda=4
5
Hence ae :4XZ
4 4
ae = 5 and g=§=4X—
e 2 5
a 16 4
e 4 4

Transverse axis y axis.

Center = (0, 0)
Foci = (0, tae, 0) = (0, £5)

Vertices = (0, xa) = (0, +4)
g ) a 16
Directrixy = £t— = +—
e 5

Prove that the length of the latus rectum of

2 2 2

the hyperbola x_z_y_z =1is 26" .
a a

The latusrectum LL’ of the hyperbola passes

through S(ae, 0)

[PTA- 2]

Y I
VA
/ QL'
- Lis (ae, y,) 5 )
Substituting L in x—2—Z—2 =1 we get,
a
22 2 2
4 r A IS AL 1
2 B2 2
2_ 20,2
o 2 1_y_12 [b°=a*(e* - 1)
b B2
2
= y2_b2(62_1) =>—2—€ 1]
b’ b*
= y%:b2 [—2) = y%:—2
a a
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Part - III
Time ALLoweb : 3.00 Hours ] Mathematics (with answers) [ Maximum MARks : 90

Instructions :

(1)  Check the question paper for fairness of printing. If there is any lack of fairness, inform the Hall Supervisor
immediately.

(2)  Use Blue or Black ink to write and underline and pencil to draw diagrams
PART - 1
Note: (i) All questions are compulsory.
(i) Choose the most appropriate answer from the given four alternatives and write the option code and the

corresponding answer. 20 x1=20
1. Intheset R of real numbers ‘*’ is defined as follows. Which one of the following is not a binary operation
on R?
(1) a*b=a (2) a*b=min (a.b) 3) a*b=d" (4) a*b=max (a,b)
2.  The value of sin”! [%J +cos™! (%j is
(1) 0 @ I 3) = @ =
2 3
3. IfP(x, y) be any point on 16x> + 25y*> = 400 with foci F 1(3,0) and F,(=3,0) then PF, + PF, is
(1) 10 2) 8 3) 12 4) 6
4. The volume of the parallelepiped with its edges represented by the vectors ;+ }‘, ;+ 2}',2 + } + nl} 18
T T 1L
(1) = 2 = 3 - @ -
2 4 3
n
2
5 J.sin xdx =
0
n
T 2
(1) 5 (2) _[cos7 x dx 3) 0 “4) 1
0

6. Apair of dice numbered 1, 2, 3,4, 5, 6 of a six-sided die and 1, 2, 3, 4 of a four-sided die is rolled and the
sum is determined. If the random variable X denote the sum, then the number of elements in the inverse
image of 7 is

() 3 2 1 (3) 4 4) 2
7. If A, B and C are invertible matrices of some order, then which one of the following is not true?
(1) detA™' =(det A)! 2) adj A =|A|A™!
3) (ABO)'=C'B A" 4) adj (AB) = (adj A) (adj B)
8. If the planes ;.(2§_x}'+]}) = 3 and ;-(4;+}'—ul;)= 5 are parallel, then the value of A and p are
respectively.
(D) l 2 2) l 2 3) l 2 4) l 2
20 27 2’ 2
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9. If we measure the side of a cube to be 4 cm with an error of 0.1 cm, then the error in our calculation of
the volume is (in cubic cm) :

(1) 2 2) 04 (3) 4.8 4) 045
1
10. If the function f(x) = o for a < x < b, represents a probability density function of a continuous random

variable X, then which of the following cannot be the value of @ and b?
(1) 7 and 19 (2) Oand 12 (3) 16and?24 (4) Sand 17

11. The solution of % +px)y=0is
x

(1) x=ce Ipdy 2) y= celrdx 3) x= celrds 4) y=ce Ipax
12. The position of a particle ‘s’ moving at any time t is given by s(f) = 5> —2¢ — 8. The time at which the
particle is at rest, is :

1
(1 1 @ 0 3) 3 ' &

31
13. The inverse of |: :| s :

5 2
o) BB e R [
-5 -3 -5 3 1 =2 1 3
14. The function f{x) = x%, in the interval [0, o) is :
(1) cannot be determined (2) increasing function

(3) increasing and decreasing function (4) decreasing function

T

2
15. The value of I sin? x cos x dx is :
T

2

1
(1 0 @ 2 ® 3 @
16. A zero of x>+ 64 is :
(1) 4i 2) 0 3) -4 4) 4
32 2
17. The centre of the hyperbola (=" _(+D =1lis:
_ 16 25
M) (_,__) @ 1,1 3 L-1 @ 00
272 ]
) L
: : . dy (a3 g
18. The order and degree of the differential equation ? + o +X"=0are:
(1) 2,6 (2) 2,3 3) 2,4 4 3,3
1+z .
19. If |z| = 1, then the value of —— is:
1+7
1 _
(1) z (2) z 3 1 “4) z
20. The value of the complex number (i%°)? is equal to :
(H 1 (2) i (3 —i 4 -1
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PART - 11

Note : (i) Answer any seven questions.

(i) Question number 30 is compulsory. 7x2=14

5 .1
21. Ifz=(2+ 3i) (1 —1i) then prove thatz ! = 2—6—12—6_

22. If a and P are the roots of x? — 5x + 6 = 0 then prove that o> — B> = + 5.
23. For what value of x does sin x = sin~'x?

24. Show that the three vectors 2i + 3}' 1 lAc, i— 2}' +2k and 3i + } +3k are coplanar.

X

. e 0 .. . 0
25. Prove that lim | — |, where m is a positive integer, is oo.
x—oo\ x

26. If g(x) = x? + sinx, then find dg.
1_ 2

d Y J . .
27. Show that the solution of d_y =\7 J - is sin”'y = sin™! x + C (or) sin"'x =sin! y + C.
x —x

0, —oo<x<0

1
28. If X is the random variable with distribution function F(x), given by : F(x) = E(x2 + X) 0<x<l

1
, —(2x+1) ;0=<x<1 I, I<x<owo
then prove that the p.d.f. is fix) = {2 .
0 ; otherwise
o . . ». Jxe ™™ for x>0 )
29. The probability density function of X is given by f(x) = Prove that the value of k is 4.
0 forx<0
30. Show that the differential equation corresponding to y = A sin x, where A is an arbitrary constant, is
y =y tanx.
PART - 111
Note : (i) Answer any seven questions.
(i) Question number 40 is compulsory. 7x3=21

01 2 1
31. Show that the rank of the matrix |0 2 4 3]is3.
8 1 0 2

3 :|, verify that A(adj A) = (adj A) A=|A| L

8
32. IfA= [
=5

1 i3 1 i3

33. Show that the points 1, ) +—— and T are the vertices of an equilateral triangle of side length

J3. 2

34. If the sides of a cubic box are increased by 1, 2, 3 units respectively to form a cuboid, then the volume is
increased by 52 cubic units. Show that the volume of the cuboid is 60 cubic units.
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